Abstract. In this paper we consider the system of two 2D rigid circular cylinders immersed in an unbounded volume of inviscid perfect fluid. The circulations around the cylinders are assumed to be equal in magnitude and opposite in sign. We also explore some special cases of this system assuming that the cylinders move along the line through their centers and the circulation around each cylinder is zero. A similar system of two interacting spheres was originally considered in the classical works of Carl and Vilhelm Bjerknes, H. Lamb and N. E. Joukowski.
1. Equations of motion. The plane parallel motion of two circular cylinders in an unbounded volume of ideal incompressible fluid is considered. The fluid velocity decays at infinity and the motion of the fluid is assumed to be irrotational, meaning that the circulation along a closed curve around both cylinders is zero. However, the circulations around the cylinders are assumed to be constant, equal in magnitude and opposite in sign. Let (x 1 , y 1 ) and (x 2 , y 2 ) be the coordinates of the cylinders' centers in a stationary Cartesian frame of reference. We fix another Cartesian frame, O 1 ξ 1 ξ 2 , to the cylinders. Here O 1 is the center of the first cylinder. The center of the second cylinder, O 2 , always lies on the axis O 1 ξ 1 (Fig. 1) . The absolute velocities of the points O 1 and O 2 are denoted by (u 1 , u 2 ) and (u 3 , u 4 ) in the cylinders-fixed frame of reference. The location of the cylinders frame of reference relative to the stationary frame of reference is well defined by the angle α between the axes x and ξ 1 . The following relations hold:
x 1 = u 1 cos α − u 2 sin α,ẏ 1 = u 1 sin α + u 2 cos α, x 2 = u 3 cos α − u 4 sin α,ẏ 2 = u 3 sin α + u 4 cos α, α = ω, sω = u 4 − u 2 ,ṡ = u 3 − u 1 .
Here ω is the angular velocity of the cylinders frame of reference and s = |O 1 O 2 | is the distance between centers of the cylinders. Let R 1 , R 2 denote the cylinders' radii, and m 1 , m 2 denote their masses.
To derive the equations of motion, we apply Hamilton's principle of least action to the cylinders+fluid system, that is,
Here T b+f is the kinetic energy of the cylinders and fluid expressed in terms of generalized coordinates and velocities of the system. In [5, § 139] it was established that such a system can be considered as a mechanical system with a finite number of degrees of freedom. To this end, along with the cylinders' coordinates (x i , y i ) we need to introduce one more generalized coordinate χ which is the total amount of fluid that has passed through the cut connecting the centers of the cylinders; its time derivativeχ is, therefore, the rate of fluid flow through the cut (Fig. 2) . The cut moves with the cylinders.
As it is known from [5, § 140], the energy T b+f is a homogeneous quadratic form of the cylinders velocities and the fluxχ. The variable χ is cyclic and ∂T b+f ∂χ = ρΓ = const.
Here ρ is the density of the fluid, which is taken to be equal to 1, and Γ is the circulation around the first cylinder (so the circulation around the second cylinder is −Γ). By applying the Routh reduction procedure and using (2) to eliminateχ, we obtain the Routh function R = T b+f − ρΓχ = T c − Γ 2 κ(s) − Γ(β 1 (s)u 1 + β 2 (s)u 2 ) − Γγ(s)ω − Γδ(s)ṡ.
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This function depends on the velocities and coordinates of the cylinders and the circulation Γ. The flow rate through the cut when u j = ω =ṡ = 0, j = i and u i = 1 is denoted by β i (s); similarly, γ(s) is the flow rate through the cut for ω = 1, u i =ṡ = 0, and finally the rate δ(s) corresponds to u 1 = u 2 = ω = 0,ṡ = 1. In terms of the velocities and coordinates of the cylinders and the circulation Γ (but not ofχ) the total kinetic energy T b+f reads [5] T b+f = T c + Γ 2 κ(s),
Note that T b+f does not contain cross-terms involving velocities and Γ, meaning that the kinetic energy due to circulation is independent of the cylinders velocities. The configuration space of our system is the group E(2) ⊗ R 1 , which is the direct product of the Euclidian group E(2) and the one-dimensional Abelian group. On this group, the equations of motion in the form suggested by Poincaré [6] look like
Here the coordinates on the group (x 1 , x 2 , α, s) are taken as the positional variables and (u 1 , u 2 , ω,ṡ) are the velocity components in the basis of the left-invariant vector fields. Equations (4) are standard Lagrangian equations but written in terms of quasi-velocities instead of generalized velocities. In the case Γ = 0, these equations were obtained in [7] . Equations (1) and (4) constitute a complete set of equations of motion for our system. The Routh function of the system can be written as
where the coefficients a i , b i , κ, β, and γ are functions of s. (See Appendix for a thorough derivation.)
2. First integrals and integrability. Poincaré sections. The energy of the system, given by (3), is a conserved quantity. Moreover, the momentum projections in the fixed frame of reference are also constants of motion:
It can be easily shown that the equations in u 1 , u 2 , ω, s andṡ are uncoupled from the other equations thereby forming a reduced system with two first integrals: energy (3) and
By fixing s = const on a level surface of these integrals a two-dimensional Poincaré map can be constructed. Simulations show that solutions of equations (5) generally exhibit chaotic behavior and, therefore, the equations are non-integrable (see Fig. 3 ).
The stochastic regions are dominated by solutions for which the cylinders come at times very close to each other. Thus, a suitable regularization of the equations is needed. This regularization is a difficult task because of the complicated form of the added-mass coefficients (see Appendix). 3. Restricted problems. We will consider various specific cases of motion of the system (5) assuming that the cylinders move along the straight line through their centers. Such motions exist if Γ = 0 (i.e., there is no lift acting perpendicular to this line). In this case, the Routh function is the kinetic energy of the cylinders+fluid system, which, for brevity, will be denoted by T .
Remark 1.
The problems that will be considered in this section are similar to the classical problems arising from the study of interaction of two spheres in ideal fluid.
In 1876 Carl Bjerknes in [4] considered the system of two pulsating and oscillating spheres in an unbounded volume of ideal fluid. In 1895 N. E. Joukowski studied this problem in a more general setting assuming that the fluid flow acting on a pulsating and oscillating sphere is known but arbitrary (not necessarily caused by another sphere) [1] . Some experimental data on the interaction of oscillating spheres in fluid is available in the book [3] (1906) by C. Bjerknes' son Vilhelm Bjerknes. In the book, some parallels with electrodynamics are outlined. In his Lectures on mathematical physics [10] , Kirchhoff considered the interaction of two spheres in a perfect fluid. The masses of the spheres were assumed to be infinitesimally small as compared to the distance between them. He wrote, '...the force that one sphere exerts on the other does not depend on the velocity of the latter; moreover, the forces that the spheres are subject to do not, in general, form an equal and opposite force pair. This is the case only when the spheres' velocities are equal in magnitude and equal or opposite in direction. ' Kirchhoff also formulated the problem on the motion of a sphere in the proximity of a plane and the problem of interaction of two spheres, one of which is subjected to prescribed harmonic oscillations.
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In his famous treatise [5] , H. Lamb presented a most complete and rigorous analysis of a number of cases of motion of two spheres along a fixed line. The distance between the centers was assumed to be sufficiently large. Below we will compare our results, obtained from the exact equations of motion, with Lamb's results.
Suppose that one of the cylinders is fixed at the origin of a laboratory reference frame; then substituting u 1 = u 2 = ω = 0 into (5) yields the system with one degree of freedom:
The kinetic energy (6) is obviously a conserved quantity T = h = const. Solution curves on the phase plane (s,ṡ) are given bẏ
It is clear that the shape of these curves is dictated by the function a 4 (s), whose graph is depicted in Fig. 4 . Thus, when approaching the fixed cylinder, the moving cylinder will gradually slow down and finally hit the fixed cylinder in finite time. When moving away from the fixed cylinder, the velocity will increase monotonically to the valuė Such an effect of increase in velocity was first noticed by Lamb in the problem of motion of a sphere in a half-space filled with ideal liquid. Specifically, when the sphere moves away from the bounding plane, its acceleration is positive.
Suppose that the cylinders are free to move along a fixed line. The Lagrangian takes the form
where u = u 1 is the velocity of the first cylinder; the graphs of the coefficients are qualitatively shown in Fig. 4 . The equations of motion (4), which now look like
admit the first integrals T = h = const and P = a 1 (s)u + b 2 (s)ṡ = c = const. Using these integrals, we getṡ
Here the denominator is positive because the quadratic form (7) is positive definite. The trajectories in the phase plane (s,ṡ) are determined by V (s). Since a 1 (s) is monotonic, V (s) has at most one zero in the interval
is different from zero for all s, then, depending on the initial conditions, the cylinders either move towards each other until they collide or they move away from each other with velocity that tends toṡ
. In [5] , Lamb proved that when the spheres move with constant velocities they repel each other. This correlates well with our results because the accelerations is always negative.
If
Suppose that one of the cylinders oscillates harmonically so that its velocity is u = u 0 sin ωt. Substituting this into (7) results in a non-autonomous system with one degree of freedom, describing the motion of the other cylinder. Performing a Legendre transformation p = ∂T ∂ṡ = a 4 (s)ṡ + b 2 (s)u, we obtain the equations of motion in Hamiltonian formṡ
with time-periodic Hamiltonian
. For large ω, the existence of a periodic solution can be proved analytically. We take u0 ω = ε as a small parameter and introduce a new time τ = ωt, p → u 0 p. As a result, the system of equations (9) takes the form
where the prime denotes the derivative with respect to s. Averaging over τ yields
The averaged system has the unique equilibrium solution p = 0, s = s 0 , where s 0 is the root of f ′ 2 (s) = 0. The solution is non-degenerate as the eigenvalues of the Jacobi matrix are
). According to the Bogolubov-Krylov theorem, near this solution there exists a periodic solution of the initial system (9) .
The separatrices of the fixed point divide the half-plane s > R 1 + R 2 into four domains I, II, III and IV (Fig. 6 ). For each domain we will give a characteristic of the solutions behavior.
Domain I. If a trajectory is initiated in domain I and p < 0, the free cylinder at first moves towards the oscillating cylinder, then slows down and finally starts moving in the opposite direction to infinity without hitting the oscillating cylinder.
Domain II. The free cylinder drifts away to infinity. Domain III. Here the free cylinder first moves away from the oscillating cylinder (p > 0), then starts approaching it until the cylinders finally collide.
Domain IV. The free cylinder moves towards and finally hits the oscillating cylinder.
Remark 2. If the collision is assumed to be elastic, a trajectory from domain III, after maybe a few collisions, jumps into domain II and if initiated in domain IV, the trajectory reaches the line s = R 1 + R 2 and abruptly emerges either in domain II or III. Domain III is hypothesized to contain a periodic trajectory: the free cylinder hits the oscillating one and, not being allowed to go sufficiently far away, is attracted back again. However, by now we have not detected such a trajectory even numerically (mostly due to severe difficulties associated with the calculation of the added masses and realization of ODE solving schemes when the cylinders are almost in contact).
According to Lamb [5] , if one sphere oscillates harmonically and the other is fixed, then the latter is subject to an attracting force. Interestingly, in the allied problem we consider here, the relative accelerations depends on the initial conditions; the phase plane is divided into four domains each having its own type of solutions behavior (Fig. 6 ). Note that Lamb was making an approximation for small oscillations of spheres while the section in Fig. 6 represents large oscillations of cylinders.
4. Equations of motion in the limit case R 1 = R 2 = 0. Consider again the general equations of motion (4), (5) and assume that the cylinders are infinitesimally thin, that is, R 1 = R 2 = 0; however, m 1 = 0, m 2 = 0, Γ 1 = 0 and Γ 2 = 0. We call these newly obtained hydrodynamical objects mass vortices to distinguish them from the classical Kirchhoff vortices. Some similar problem settings concerned with vortex rings can be found in [2] , where, however, the equations of motion have not been rigorously obtained and presented in a closed form. It seems natural to model extreme weather events, such as tornadoes, hurricanes, etc. as mass vortices because they usually involve sucking up debris, whose inertial properties surely play an important role.
Having zero radii, the cylinders are no longer subject to hydrodynamical forces arising from the added-mass effect. Therefore, the coefficients (5) simplify to the form
As the radii of the cylinders tend to zero, the kinetic energy of the fluid due to the circulation flow Γ 2 κ(s) goes to infinity because the area integral in the expression of the kinetic energy diverges. Nevertheless, by virtue of κ ′ (s)
In terms of coordinates and velocities relative to a fixed coordinate frame, the Routh function (5) reads
It is advantageous to move into the center-of-mass coordinate system using the following linear change of variables
By applying then a Legendre transformation, we get the equations of motion in Hamiltonian formṘ
Here m = m 1 + m 2 , µ = m1m2 m1+m2 and the conjugate momenta are as follows:
Since the equations of motion (13) are invariant under the action of the group E(2), we obtain the three integrals of motion
Thus, upon substitution of P x , P y = const into (13), we get a system with two degrees of freedom, which describes the in-plane dynamics of a point under the action of potential and gyroscopic forces. On the level P x = P y = 0 we get an integrable system, which is separable in polar coordinates.
5.
Investigation of the limit case. First let us find the fixed points of the system (13). To this end, we choose a fixed frame of reference in such a way that P x = P > 0 and P y = 0. In polar coordinates, we have x = r cos ϕ, y = r sin ϕ,
Omitting the unessential constant terms, we obtain the Hamiltonian of the form
Without loss of generality, we put Γ > 0. For P = 0 there exist only two fixed points such that r = const. These equilibria can be naturally parametrized by the distance between the cylinders, that is,
The integral P is connected parametrically to the energy (14) by
On the plane of the integrals P Γ , H Γ 2 , the points corresponding to the equilibria form a bifurcation diagram or an energy-momentum diagram (Fig. 7) . From (13) we find that for an equilibrium of the reduced system the masses move along the fixed axis Ox with velocity v = The stability of equilibria of (14) is governed by the following theorem.
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Theorem. If the sum of the cylinders' masses divided by the twice the square of the circle of radius r 0 is less than the unity, that is, Proof. In a neighborhood of the solution (13) we introduce the following canonical coordinates
where {w, W } = {z, Z} = 1. The expansion of the Hamiltonian up to the secondorder terms, H = H 0 + H 2 + . . . , looks like
The eigenvalues of the linearized system are the roots of the biquadratic equation with positive discriminant Let us consider in detail the integrable case P = 0. Using (13) we can obtain a system with one degree of freedom. Upon omission of unessential terms, the Hamiltonian takes the form 
Thus, during the motion that corresponds to this relative equilibrium the vortices rotate with constant angular velocity about a fixed point. This motion is stable with respect to part of the variables (r, p r ). The effective potential and a bifurcation diagram on the plane (c, h 1 ) are shown in Fig. 8 .
Relative to a stationary frame of reference, the motion of the vortices appears to be a three-frequency motion with the distance between them varying from r min to r max (the roots of the equation h 1 = U * (r)). For P = 0, the motion of two mass vortices is generally chaotic and the system (14) is non-integrable. However, an exhaustive research of the system's integrability with respect to the parameters has not yet been done.
6. General equations of motion of mass vortices. Let us consider the system of n two-dimensional bodies submerged into an ideal incompressible liquid. Let m i be the mass of the i−th body and Γ i (i = 1, . . . , n) be the circulation around it. Assume that the bodies' dimensions are negligibly small. Let us calculate the force exerted on the first body. To do this, we replace the first body with a circular cylinder of radius R. Since the other bodies are negligibly small, they contribute
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to the stream function exactly as regular point vortices, therefore, according to [8] , the stream function can be written as
Here r i = r 1 + R 2 |r1−ri| 2 (r i − r 1 ) are the coordinates of the inverse points of the vortices. The force acting on the cylinder's surface is
Using the Cauchy-Lagrange relation (
2 (ϕ is the flow potential) and the Cauchy-Reimann equations, we get
The contour c 1 can be parametrized as follows x = x 1 + R cos θ and y = y 1 + R sin θ; integrating with respect to θ and passing to the limit R → 0, we arrive at
Proof. Expanding the stream function in a series in R, we get
Substituting this into (18) gives
In the same way we calculate the forces acting on the other bodies and thereby find the equation of motion to be One can easily verify that these equations are Lagrangian equations with Lagrangian
The system of equations (19) admit three integrals of motion due to invariance under translations and rotations in the plane
and the energy integral
Using the Legendre transformation, equation (19) can be written in Hamiltonian form. The equations of motion for a system of mass vortices for n ≥ 3 have not been explored.
Appendix. Calculation of the coefficients in the Routh function (5).
We start with representing the kinetic energy of the system as a function of the coordinates and velocities of the cylinders and circulations. The kinetic energy is the sum
where T b and T f stand for the kinetic energy of the cylinders and the kinetic energy of the ambient fluid, respectively. By virtue of (1), the kinetic energy of the cylinders with masses m 1 and m 2 , without considering the fluid, takes the form
Here and in the sequel, we take the fluid's density to be equal to 1. In the case Γ C1 = −Γ C2 = Γ, the kinetic energy of the fluid, using the multi-valued potential, can be written as
Here C = C 1 ∪ C 2 ∪ I 1 ∪ I 2 and dl is the differential of arc length. The potential ϕ satisfies Laplace's equation ∆ϕ = 0 and the impermeable boundary condition on the surface of the cylinders. The potential can be written in the Kirchhoff form, as follows:
The potential φ 1 (φ 2 ) is due to translation along the axis ξ 1 (ξ 2 ), the potential φ 3 represents the velocity field that arises when the first cylinder is fixed and the second cylinder rotates with unit angular velocity around it, φ 4 is the potential when the first cylinder is fixed and the second one moves with unit velocity along the ξ 1 -axis, and finally the potential φ 5 represents the motion of fluid due to circulation around the cylinders. Recall that the circulations around the cylinders are equal in magnitude and opposite in sign.
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The potentials satisfy the following boundary conditions
To calculate the potential (21), we will map the exterior of C onto a rectangle by using bipolar coordinates [9] . To do so, we shift the origin of the coordinate frame Oξ 1 ξ 2 to the point on the line segment connecting the cylinder's centers at a distance R 2 1 + b 2 from the center of the first cylinder (Fig. 9) . The parameter b and the distance s are related as follows:
The distance from O to the center of the second cylinder is R 2 2 + b 2 . The geometrical meaning of b is that the points (b, 0) and (−b, 0) are transformed into each other through inversion about both C 1 and C 2 . The desired mapping ζ = F (z), where z = ξ 1 + iξ 2 and ζ = η 1 + iη 2 , is The image of the contour C in the ζ-plane is the rectangle η 1 ∈ (−πK, πK) and η 2 ∈ (0, π), where K = π/(k 2 − k 1 ) (Fig. 9) . The infinity is mapped to the point
The inverse transformation reads
Using the Cauchy-Reimann equations, we find that the stream functions ψ i associated with the velocity potentials ϕ i i = 1, 2, 3, 4 satisfy the following equations in the ζ-plane (Dirichlet problem)
We extend then the boundary conditions periodically to obtain a boundary value problem in the strip η 1 ∈ (−∞, ∞), η 2 ∈ (0, π). Using Green's function for the strip, the solution can be written in integral form as
Using (22), (25) and the condition ∂ϕ ∂n Ci = ∂ψ ∂(l/2πRi) (l is an element of arc length), we obtain the following boundary conditions for ψ i
;
Let us explain the choice of the boundary conditions for the stream functions ψ i by an example of ψ 2 . In view of the Cauchy-Riemann equations,
Upon integration of (22), one gets ψ 2 Ci = −ξ 1 + µ i , where the constants µ i must be found from the condition that the circulation around each cylinder is zero, that is,
and since k 1 < 0, k 2 > 0, upon integration, we get
Therefore, up to an unessential constant, we can put µ 1 = b and µ 2 = −b.
The circulation flow around the cylinders corresponds to a uniform flow in the strip; hence, the complex velocity potential due to circulation is
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Using (20) and (21), the kinetic energy of the fluid can be written as
Remark 5. As it was shown in [5] , in this case the kinetic energy does not contain terms linear in u i , ω andṡ; some coefficients, say of u 1 u 2 , are zero due to symmetric properties of ϕ i (ξ 1 , ξ 2 ).
In terms of the complex potentials w i = ϕ i + iψ i , the coefficients a * where k 1 , k 2 are defined in (24).
As an example, we give a detailed calculation of a * 1 . The contours C 1 and C 2 can be parametrized as follows ( Then, taking into consideration the boundary conditions (22), we get ∂ϕi ∂n Ci = R i cos θ i , and therefore
Since ψ 1 Ci = ξ 2 = R i sin θ i , we have C1 ψ 1 R i sin θ i dθ i = πR Recall that w 1 is a single-valued function and therefore the integrals along the two sides of the cut sum to zero; hence C 1 ∪ C 2 can be replaced by C. The coefficients a * 1 , a * 2 , b * 1 and b * 2 can be represented in integral form. To obtain such a representation for a * 1 , note that outside C the infinity is the only singular point of w 1 (z), therefore C w 1 (z)dz = −2πires z=∞ w 1 (z) = Λ 1 .
Using the transformation (24), we get 
To prove this, recall that s-dependence of b is given by (23). The first two equations are self-evident because when two circular bodies move along the line through their centers, the net flow through the cut is zero. To calculate β(s) and γ(s) we fix an orthonormal coordinate frame to the cylinders as shown in Fig. 2 , then, by definition (see page 237), we get β(s) = where B 1 and B 2 are the end points of the cut (Fig. 9) . Finally, from the equation ξ 1 (B i ) = ∓ R 2 i + b 2 ± R i and the boundary conditions ψ 2 Ci = −ξ 1 ∓ b, ψ 3 C1 = 0 and ψ 3 C2 = s(−ξ 1 + b), equations (27) follow.
